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Abstract. We prove a conjecture raised by M. Goresky and W. Pardon, concerning 
the range of validity of the perverse degree of Steenrod squares in intersection coho- 
mology. This answer turns out of importance for the definition of characteristic classes 
in the framework of intersection cohomology. 

For this purpose, we present a construction of cup -products on the cochain complex 
of filtered face sets, built on the blow-up of simplices and introduced in a previous work. 
We extend to this setting the classical properties of the associated Steenrod squares, 
including Adem and Cartan relations, for any generalized perversities. In the case that 
the filtered face set is the singular filtered face set associated to a pseudomanifold, we 
prove that our definition coincides with M. Goresky's definition. 

Several examples of concrete computation of perverse Steenrod squares are given, 
including the case of isolated singularities and, more especially, we describe the Steen- 
rod squares on the Thom space of a vector bundle, in function of the Steenrod squares 
of the basis and the Stiefel- Whitney classes. We detail also an example of a non trivial 
square, Sq'^ : Hp — >■ Hp+2, whose information is lost if we consider it as values in Hzp, 
showing the interest of the Goresky and Pardon's conjecture. 



Intersection cohomology was introduced by Goresky and MacPherson in [8] and [9], 
in order to adapt Poincare duality to the case of singular manifolds and extend char- 
acteristic classes to this paradigm. Steenrod squares on the intersection cohomology of 
a pseudomanifold, X, have already be defined and studied by M. Goresky in [7J. For 
that, he uses a sheaf introduced by Deligne and proves that the Steenrod construction 
of cupj-products induces a morphism Sq^ : H^{X; Z2) H2p\X; Z2), for any Goresky- 
MacPherson perversity p such that 2p{i) < i — 1 for any 1. 

Here, we consider the extension of intersection cohomology to a simplicial setting 
previously introduced in [4]. The basic objects of study are the filtered face sets (see 
Definition II. ip . the case of a pseudomanifold, X, corresponding to a filtered version, 
ISing^(X), of the singular simplicial set associated to a topological space. As cochain 

complex associated to a filtered face set, we choose a blow-up N*(K_) of the nor- 
malized cochain complex on a simplicial set. This notion of blow-up, defined in ^ and 
recalled in Section [H comes from a version in differential forms already existent in [3] . 
The elements of A'^* {K_) have a perverse degree (see Definition II. 3p which allows the defi- 
nition of a complex (K_) , for any loose perversity p. In the case of the singular filtered 
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face set, ISing (X), we have proved in [3] that N^{K_) gives the Goresky-MacPherson 
cohomology of the pseudomanifold X. 

When the coefficients of N*(K) are in a field of characteristic 2, F2, we define a 
structure of cupj-products, Uj : N^(K)<SiN^(K) — > N^^g(K), for any loose perversities 
q. This is done from the work of C. Berger and B. Fresse in [IJ (see also [Hj): we consider 
a normalized, homogeneous Bar resolution, £(2), of the symmetric group S2 and prove 
that there exists a S2-equivariant cochain map, ip2 '■ £(2)0 A^^ (K) N-^ (K) N^^-^(K). 

Such a map is called a structure of perverse £,(2)-algebra on N*{K_); its construction 
comes from the existence of a diagonal on £(2), established in jl]. Moreover, we prove 
in Theorem |X] that the cupj-products arising from the existence of "02 verify the two 
following properties, x U|^| x = x and x Uj x' = 0, if i > min(|x|, 

The definition of perverse £(2)-algebras can be extended to perverse £(n)-algebras, for 
any n. As this work is concerned with Steenrod squares, we consider only perverse £(2)- 
algebras over F2. Nevertheless, it is clear that our methods of proof can be enhanced to 
give a structure of perverse i?oo-algebras over Z on N* (K) . We will come back on these 
points in a forthcoming paper. 

As usual, Steenrod squares are defined on H^{K_;¥2) by Sq*(a;) = x U^-i x. Using 
May's presentation of Steenrod squares in [H], we see that the classical properties of 
Steenrod squares are a direct consequence of the structure of perverse £(2)-algebra. We 
collect them, together with Adem and Cartan relations, in Theorem [Bl (One may observe 
that the proof of the Adem relation on a tensor product needs a brief incursion in the 
world of perverse £(4)-algebras over F2.) 

In Theorem [Bl we answer also positively to the problem asked by Goresky in [71 
Page 493] and to the conjecture made by Goresky and Pardon in [TU, Conjecture 7.5]. 
This problem concerns the range of the perversities: with the definition of Steenrod 
squares via the cupj- products, it is clear that Sq* sends H^{K;¥2) into H^^\K;¥2). 

We prove that, in fact, there is a lifting as a map Sq* : H^{K.',^2) ^^£(^*j)(^; 1^2), 
where is a loose perversity defined by L{p,i){£) = mm{2p{£) ,p{£) + i), which is 

exactly [10' Conjecture 7.5]. This reveals an important fact because it allows the lifting 
of Wu classes in intersection cohomology, in a lower part of the poset of perversities. 

Finally, in Theorem[Cl we prove that if K_ is the singular filtered face set associated to a 
pseudomanifold, X, our definition of Steenrod squares coincide with Goresky's definition 
introduced in For this proof, we transform the blow-up, A^*, in a sheaf IN* on X and 
proves that IN* is isomorphic to the Deligne sheaf, in the derived category of sheaves 
on X. The rest of the proof comes from a unicity theorem for Steenrod squares defined 
on an injective sheaf, established by M. Goresky, [7J. 

We end with examples of concrete computation of perverse Steenrod squares, begin- 
ning with the case of isolated singularities. From it, we are able to write the Steenrod 
squares on the intersection cohomology of the Thom space associated to a vector bun- 
dle, in function of the Steenrod squares of the basis and the Stiefel- Whitney classes. We 
detail also an example of a non trivial square, Sq^ : Hp — > -f^£(p^2)) whose information is 
lost if we consider it as values in H2p, showing the interest of the Goresky and Pardon's 
conjecture. This last example can also be seen as a tubular neighborhood of a stratum. 
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which is the first step in the study of multiplicative structure of intersection cohomology 
of pseudomanifolds. 
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In Section [TJ we recall basic notions concerning filtered face sets and their intersection 
cohomology. Section [2] is devoted to the construction of a structure of perverse £(2)- 
algebra on the blow-up, N*{K_), which corresponds to the building of cupj-products. 
In Section [3l we establish the main properties of perverse Steenrod squares, including 
the proof of the perverse range conjecture due to M. Goresky and W. Pardon. The 
comparison between our definition and Goresky's definition of Steenrod squares, in the 
case of a pseudomanifold, is done in Section^ The particular case of isolated singularities 
and the treatment of Steenrod squares in the intersection homology of a Thom space 
are presented in Section [5l Finally, Section [6] is devoted to an example of a Sq^ in the 
intersection cohomology of the total space of a fibration whose fiber is a cone. 



1. Blow-up and perversity 

In this section, we recall the basics of a simplicial version of intersection cohomology, 
introduced in [1]. 

We fix an integer n which corresponds to the formal dimension of filtered sets and 
consider the category A^' whose 

• objects are the join A = A-'"*A-'i *• • •*A-'", where A-^' is the simplex of dimension 
ji, possibly empty, with the conventions A~^ = and ^ * X = X , 

• maps are the cr : A = A^o * A^i * • • • * A^" ^ A' = A'^o * A'^i * • • • * A''" , of 
the shape a = *f=o^«' with di : A-'' — >■ A'^' an injective order-preserving map for 
each i. 

The category a!^''"*" is the full subcategory of a!^' whose objects are the joins A-"* * 
A-'i * • • • * A-^" with A-'" 7^ 0, i.e., j„ > 0. To any such element, we associate its blow-up 
which is the map 

fx: A = cA-^o X • • • X cA-'"-! x A-'" ^ A = A-'" * • • • * A-'", 
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defined by 

/W([yO,So], • • • , [yn-l,Sn-l],2/n) = SoVo + {I - So)siyi -\ 

+ (1 - So) • • • (1 - Sn-2)Sn-iyn-l 

+ (1 - So) • • • (1 - S„_2)(l - Sn-l)yn, 

where yi € A-^* and [yi,Si] G cA^\ The prism A is sometimes also called the blow-up 
of A. 

Definition 1.1. A filtered face set is a contravariant functor, from the category a!^^ 
to the category of sets, i.e., {jo, . . . ,jn) ^ I£{jQ,....j„)- The restriction of the filtered face 

set, K_, to Aj^'"'' is denoted K^. 

If K_ and are filtered face sets, a filtered face map, f : K_—^ , is a natural trans- 
formation between the two functors and K^. We denote by A.\^^—Sets the category 
of filtered face maps. 

Remark 1.2. For any pseudomanifold, X, we can define (see [H Example 4.5]) the sin- 
gular filtered face set by 

ISing^(X)jo,...j„ = {a: A^" * ■ ■ ■ * A^" ^ X \ a'^Xi = A^'" * • • • * A^''}, 
for any (jo, • • • ,jn)- 

To any simplicial set, Y , we can associate the free F2-vector space CdiY) generated by 
the d-dimensional simplices of Y . The normalized chain complex, NfiiY), is the quotient 
of Cd{Y) by the degeneracies Sj, 

Nd{Y) = Cd{Y)/5oCd-i{Y) + ■■■+ 5d-iCd-i{Y). 

We consider also the dual N*{Y) = homF2(iV*(y),F2). 

To define the blow-up, N*{K_), of N* over a filtered face set we first associate to 
any simplex a : A-'" * • • • * A-'" K__^_ the complex 

N* = N*{cA^°) • • • (g) N*{cA^"-^) N*{A^"). 

A global section (or cochain) on K_, c G X*{K_), is a function which assigns to each 
simplex a G an element c^ G N* such that cg-o- = di{ca) for all a and all maps of 

Ay Global sections have an extra degree, called the perverse degree, that we describe 
now. 

Let a : A-'"' * • • • * A^" — )• and £ G {1, . . . , n} such that A-^"-*^ 7^ 0. For any cochain 
Ca G 7V*(cAJo) (g) • • • 7V*(cA^"-i) (g) iV*(AJ"), its restriction 

(1) c^,„_£ G A^*(cA^") «)•••«) Ar*(AJ"-'; X {!}) • • • O iV*(cAJ"-i) «) N*{A^") 
can be written c^,„_^ = J2k '^'a,n-e(^) c^,„-<?(^)' with 

• c'^,n~ei^) ^ ^^*(cA^") ® • • • «) 7V*(cAJ"-^-i) ® iV*(AJ"-^ x {1}) and 

• 4,n-e(.k) 6 N*{cA^"-^+^) • • • ® iV*(A-'"). 

Observe that each term of the tensor product in Formula ([1]) has a finite canonical basis 
and the decomposition of c^j^n-i can be canonically chosen in function of the associated 
basis of the tensor product. 
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Definition 1.3. If Ca-^n-i 7^ 0, the i-perverse degree, ||cct||^, of is equal to 
llc^ll^ = sup{|c^„_^(/c)| such that c^,„_£(fc) / O} . 

k 

If Ca,n-i = or A-'"-^ = 0, we set \\c„\\£ = —00. The perverse degree of a global section 
c G N*(K) is the n-uple 

l|c|| = (||c||i, . . . , ||c||„), 
where \\c\\i is the supremum of the \\ca\\i for all a € K^. 

Intersection cohomology requires a notion of perversity that we introduce now, fol- 
lowing the convention of [12j. 

Definition 1.4. A loose perversity is a map p: N ^ Z, i 1— >■ p{i), such that p{0) = 0. 
A perversity is a loose perversity such that p{i) < p{i + 1) < p{i) + 1, for all i £ N. 
A Goresky-MacPherson perversity (or GM-perversity) is a perversity such that p(l) = 
Ij(2) = 0. 

lipi and ^2 ^'^'^ two loose perversities, we set Pi < P2 if we have Pi{i) < ^2(4), for all 
i G N. The poset of all loose perversities is denoted "Pilose- 

The lattice of GM-perversities, denoted J"", admits a maximal element, t, called the 
top perversity and defined by t{i) = z — 2, if i > 2, t(0) = t(l) = 0. 

To these perversities, we add an element, 00, which is the constant map on 00. We 
call it the infinite perversity despite the fact that it is not a perversity in the sense of 
the previous definition. Finally, we set J"" = J"* U {00}. 

Definition 1.5. Let p be a loose perversity. A global section c € N{K_) is p-admissible 
if ||c||j < p{i), for any i € {1, . . . ,n}. A global section c is of p-intersection if c and dc 
are p-admissible. 

We denote by Np{K_) the complex of global sections of p-intersection and by H^{K^; R) 
its homology, called the intersection cohomology of K_ with coefficients in R, for the loose 
perversity p. 

When p is a perversity and K_ = ISing'^(X), with X a pseudomanifold, the complex 

Np{K_) gives the same cohomology than the original Goresky-McPherson intersection 
cohomology of X ([S]), as it is proved in [H Theorem D], where A^* is substituted by the 
non-normalized cochain complex. 

2. Perverse £(2)-algebras and filtered face sets 

Steenrod squares are built from an action of a normalized homogeneous Bar resolution, 
£(2), of the symmetric group S2, on the normalized singular cochains. This is the way 
the non-commutativity is controlled up to higher coherent homotopies and this action 
enriches the multiplicative structure given by the cup-product. We first review it in 
order to adapt this construction to the perverse setting. 

The existence of an £(2)-algebra structure on the normalized complex of a simplicial 
set is well known (see [T^ or [I] for instance). Recall that the resolution £(2) is defined 
by 

...£(2)i4£(2)i_i^--- 
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with £(2)i = F2(ej,Tj), dei = dri = ei-i + Ti-i. (As we are using cochain complexes, 
£(2) is negatively graded.) The complex £(2) is equipped with a S2-equivariant diagonal, 
D: £(2) ^ £(2) «) £(2), defined by 



with T.Ck = Tfc. This diagonal is essential for the definition of the structure of £(2)- 
algebra on the normalized cochains of the blow-up's A introduced in Section [TJ 

Definition 2.1. An ^.{2)- algebra structure on a cochain complex. A* ^ is a cochain map, 
if): £(2) (g) j4®^ — > A, which is Il2-equivariant. 

If we denote -(/'(cj <X) xi (8) X2) by xi Uj X2, the previous definition is equivalent to 

(1) ll){Ti ®Xi® X2) = X2 Uj Xi 

(2) together with the Leibniz condition: 

d{xi Ui X2) = xi Uj_i X2 + X2 Uj_i xi + dxi Uj X2 + xi Uj dx2. 
This means that an £(2)-algebra structure is given by a cochain map, called cupj-product, 
Ui: A^ ® A^ A^~^^~^, satisfying the previous Leibniz condition. 

Recall ([4J) that a perverse cochain complex is a functor from CP" with values in the 
cochain complexes. A functor from ^JJiogg with values in the cochain complexes is called 
a generalized perverse cochain complex. 

Definition 2.2. A perverse £.{2)-algebra structure on a generalized perverse cochain 
complex, j4*, is a cochain map, ip: £(2) A^^ A^ —?■ A^^^, which is $]2-equivariant. 

Equivalently, a perverse 8,(2)-algebra structure on A^ is entirely determined by maps, 
called perverse cupj-products, Uj: A^ A^ — )■ satisfying the previous Leibniz 



As it is established by May in [T3], classical properties of cupj-products are a direct 
consequence of this £(2)-algebra structure, except two of them that we quote in the next 
definition. 

Definition 2.3. An £(2)-algebra. A*, is nice if it verifies the two next properties, for 
all X, x' G A of respective degrees |x| and |x'|, 

(i) X U|^.| X = X, 

(ii) X Uj x' = if i > min(|x|, |x'|). 

Nice perverse E{2) -algebras are defined similarly. 

Observe the useful next property of nice £(2)-algebras. 
Lemma 2.4. Let A be a nice 8,(2) -algebra. If a & A'^ and b G , we have 

aUdb = bUd a. 

Proof. Property (ii) of Definition 12.31 and Leibniz rule imply 

diaUd+ib) = 

= aUdb-\-bUda-\- da Ud+i b-^ a VJd+i db 
= aUdb + bUdtt. 




j=0 



condition. 
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We prove now that the blow-up of normahzed cochain of filtered face sets fulfils these 
conditions. Let A = A^o * A-'i * • • • * A^" and let D be the diagonal of £(2). The 
coassociativity of D allows an easy iteration, and we have 

(ii,...,i„) with iiH \-in=i 

With this diagonal, the action of £(2) on the normalized cochain complex of a simplicial 
set can be extended in an action of £(2) on A^*(A) with the map 

£(2) Af*(cA^'i)®2 ^ . . . ^ ^*(g^j„_i)®2 ^ ^*(^i„)®2 

Af*(cAJi) (g) • • • N*{cA^"-^) (g iV*(A>0, 
which sends the element Cj (g (xi (g yi) (g • • • (g (x^ (g y„) in the domain of ^ to 
^ (Xl Ui, yi) T^^(X2 y2) <g • • • ® T'^+-+'"~\{xn Ui„ 

(«!,.. .,i„) with iiH |-jn=i 

where r.(x Uiy) = y Uj x. 

Theorem A. Let be a filtered face set and p be a loose perversity. The generalized 
perverse cochain complex, p i— )■ N*{K_)p, is a nice perverse £.{2)-algebra. 

Lemma 2.5. Any tensor product of nice £,{2) -algebras is a nice S,{2)-algebra for the 
product structure coming from the diagonal o/£(2). 

Proof. By coassociativity of the diagonal of £(2), it is sufficient to reduce the proof to 
the case of the tensor product of two nice £(2)-algebras, A and B. 

Let X = J2k^k®bk e {A(^ BY and x' = Yji,a'i^®b'i,&{A® B^' with d < d'. We set 
f = d + m with m > 0. One compute 

/i+/2=/ k,e 

If the element (a^ U/^ a^) (g t^^ .{b^ U/j b'f) of this sum is not equal to zero, we must have 

/i < min(|afc|, \a'^\) and /2 < min(|6fc|, 

which implies f = fi + f2 = d + m < \ak\ + \bk\ = d and m = 0. We have established 
Property (ii) of Definition 12.31 
As for Property (i), we consider 

xUdX= Y, y^(Qfc U/i ay) ® T^\{bk U/^ V). 
h+h=d k,k' 

As above, if the element (ofc U/^ Cfc') (g t^^ .{b^ U/j of this sum is not equal to zero, 
we must have 

/i < min(|afc|, |afc'|) and /2 < min(|6fc|, \bk'\). 
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Suppose mm(|afc|, \ak'\) = \ak\, then we have \bk'\ < \bk\, because |afc| + = |afc' j + j, 
and also d = {a^l + \bk\ = /i + /2 < \ak \ + l^fc'l) which imply \bk\ = \bk'\- Therefore, the 
non-zero elements of this sum must be of the shape (a^ U^-r Ofc') ® Tf^.{bk 6fc') with 
lofcl = kfe'l = d-r, \bk\ = \by \ = r. 

With Lemma [2^ if 7^ a^/, the same term appears twice, as {ak^d-r O'k') ® {bk^rbk') 
and as {ay Ud-r ^k) ® (bk Ur &A;')- Their sum is equal to zero. With the same argument 
applied to the case b^ 7^ b^', we have reduced the previous expression to 

xUdX = ^(flfc Urf_^ Ofc) (g) Ur bfc) 
k 

= y^^ak^bk = X, 

k 

and Property (i) of Definition 12.31 is established. □ 

Proof of Theorem [31 A cochain c € A^* {K_) associates to any simplex, a: A = A-"* * • • • * 
Ain ^ element G N*{cA^") • • • (g) N*{cA^"-^) A^*(A^"). 

If we set (c Uj c')^ = Uj c^, by naturality of the structure of £(2)-algebra on 
Af*(cA^o) • • • Af*(cA-'"-i) (g iV*(A^"), we get a global section cUi c' G N*{K). More 
precisely, we have a S2-equivariant cochain map, 

£(2) ®iV*(^)®2 ^ iv*(^), 

entirely defined by Ci^c^c' 1— )• cUjc', which gives to N*{K_) a structure of £(2)-algebra. 
The niceness of this structure is a direct consequence of Lemma 12.51 

We study now the behavior of this structure with the perverse degree. The perversity 
degree being a local notion, we consider c and c' in N*{cA^'^) (g • • • (g N*{cA^"''^) (g 
iV*(AJ"), with jn > 0, and £ G {1, . . . ,n} such that A^"-* / 0. We denote by c„_^ and 
c^_^ the respective restrictions of c and c' to A^*(cA-^o) (g • • • (g A^*(A-^"-'^ x {!}) (g) • • • (g) 
iV*(cAJ"-i) 7V*(AJ"). 

We decompose c, c' in c = X^^q "^i*^' ' ''^'^n' c' = J2t^o c'l g)- • •g>c^ and their restriction 

in Cn-i = ET=0 Cf ^ • • • ® K-e<-i • • • ® ^'n-i = ET=0 C? ® " " " ® • • • C^*, 

where *I?*_^ is induced by the inclusion A^"-' x {1} ^ cA-^"-*. By definition, we have 
\\c\\i = sup{\cf^_f_^_i g) • • • (g c^l such that (g • • • g) $*_£C^_^ / 0}. 

Let 

A^*(cA-'o) (g • • • (g iV*(cAJ— ^) g) • • • (g iV*(cA>— 1) (g iV*(A^") 

A^*(cA^o) • • • (g iV*(A-'"-^ X {!}) • • • g) iV*(cA>'-i) (g N*{A^"). 

As the cupj-product is natural, we have ^*_^(cUi c') = <l*_^(c) Uj 4>*_£(c'). 

• If l>;_^(c) = or l>;_^(c') = 0, we have l>;_^(c) ^*^_gic') = and thus 
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• Suppose now ^>*_£(c) / and $*_£(c') 7^ 0. By definition of the cupj-product, 
^^^-^(c) Uj $*_£(c') is a sum of tensor products whose elements are of two kinds: 

(1) Cj Uf^ Cj, with j ^ n — £, or 

(2) U/„_. 

As Irf U/-. c'j\ = Irfl + [c'/l — /,-, the cochain degree decreases and we obtain, for each £, 

llcUj c'We < \\c\\e + \\c'\\e, 
by definition of the perverse degree, see Definition 11.31 Therefore, we have 

||c Uj c'll < ||c|| + ||c'||. 

Now, the rule of Leibniz implies 

\\d{c Uj c')|| < max(||(ic|| + ||c'||, \\dc'\\ + ||c||, ||c|| + ||c'||). 

Thus, if ||c|| < p, \\dc\\ < p, \\c'\\ < q and ||dc'|| < q, we have ||c Uj c'|| <p + q and 
||(i(c Uj c')|| <p + q. This implies that the £(2)-algebra structure on N*(K) induces 
equivariant cochain maps 

£(2) ® N;{K) N^{K) ^ N;^-,iK). 
That means: N* is a perverse £(2)-algebra. □ 



3. StEENROD PERVERSE SQUARES 

From the existence of perverse cupj-products, we define Steenrod squares, as in the 
classical case. In the next statement, when i > 0, the fact that the loose perversity 
image of Sq* is L(j),i), defined by L(p,i){£) = mm{2p{£) ,p{£) + i), answers positively a 
conjecture of Goresky and Pardon, see [lOl Conjecture 7.5]. More explicitly, we prove 
the existence of a dashed arrow which lifts the square Sq*, 

TTr 



TTr ^ ^ TTr 
^ ^2p 



Theorem B. Let he a filtered face set and p he a loose perversity. The perverse cup^ 

\x\-i X, for X G H^^ 



products induce perverse squares, defined hy Sq*(x) = x Uuij x, for x G H^HK; ¥■?.), 



which satisfy the following properties. 

(1) lfi<0, then Sq'(x) = 0. 

(2) //i > 0, then we have 



Sq^/7l(^;F2)^F^g^)(K;F2) 



where L{p, i) = mm{2p,p + i) and 
(i) Sq*(2;) =0 if i > \x\, 
(ii) Sql^l(x) =x2, 
(Hi) Sc^ = id. 
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(iv) Ifxe Hp{K;¥2), y G Hf{K;¥2), one has the Cartan formula, 

with r = min(2p + 2q, p + q + i). 

(v) For any pair with i < 2j, one has the Adem relation: 

Sq^Sq^' = ^ ( \_2k ) Sq'^^'^'Sq^ 

and Sq^Sq-' sends in H^'^^'^\ with r = min(4]j, 2p + i^p + i + j). 

Before proving this theorem, we establish a technical property on the tensor product 
of two nice £(2)-algebras. 

Lemma 3.1. Let A and B he two nice £,(2) -algebras and A <^ B their tensor product 
equipped with the 8,{2)-algebra structure coming from the diagonal o/£(2). Let x, x' in 
A, y, y' in B such that \x\ + \y\ = \x'\ + \y'\ = d, \y\ < r and \y'\ < r. Then, for any 
/c € {0, . . . , d — z} such that x Ud-k-i x' ^ y Uk y' ^ 0, we have \y Uk y'\ < r + i. 

Proof. If X U(i-k~i x' ® y \Jk y' / 0, we must have k < min(|y|, \y'\) and d — k — i < 
min([x|, \x'\), which implies 

d — i — min(|x|, \x'\) < k. 
Suppose min(|a;|, |.x'|) = |.t|. Then we have 

\y\ + \y'\ — d + i + min([x|, \x'\) = \y\ + \y'\ — {\x\ + |y|) + « + |2;| 

= \y'\ + i, 

which implies 

\y Ufc y'\ = \y\ + ly'l - k < \y'\ + i<r + i. 

□ 

Directly from the definition of cup^-product, the inequalities \y\ < r and \y'\ < r 
imply \y y'\ < 2r. Thus, the majoration \y y'| < r + i obtained in Lemma l3.ll is 
exactly what is needed for the proof of the conjecture of Goresky and Pardon, as we 
show in the beginning of the next proof. 

Proof of Theorem\Bi Let i > 0. From their definition as particular cupj-products, the 
Steenrod squares have their image in the intersection cohomology with loose perversity 
2p. We prove first that the loose perversity 2p can be replaced by L{p,i). We take over 
the arguments and the method used at the end of the proof of Theorem [A] by considering 
acocycle c G 7V*(cA^o)0- • •®7V*(cA^"-i)®A^*(A^"), ^ € {1, . . . ,n}, such that A^"-<^ / 0, 
and the restriction c„_£ of c to iV*(cA-'o) (g) • • • 7V*(A-'"-« x {1}) • • • (g) iV*(cA-'"-i) 
N*{A^"). Observe first that, by naturality, we have (cU|c|_i c)n-e = Cn-t U|c^_^|_j Cn-t- 

• If c„_£ = 0, we have (c U|c|_i c)^-^ = and \\cn-i.yj\c^_^\ Cn-i\\ = |lcU|c|_ic|| = -00. 

• If Cn-n 7^ 0, we decompose it in a canonical form, c„_^ = c^_^ ® '^n-g & A^ B, 
with A = iV*(cAJo)0 - • •0iV*(AJ"-« x {1}) and B = iV*(cAJ"-«+i) • • • 0iV*(cA^"-i) (g) 
iV*(AJ"). Using Lemma EH we know that «^_^ ^\c„^t\-k-^ c'Le) ® KU Ufc / 
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implies |c"!_£ c'^_^\ < p{(-) + i, for any pair of indices, {s,t), in the writing of c„_^. 
This infers ||c U|c|_j c|j <p + i, as announced. 

The condition on the perversity of the differential of c U|c|_j c is immediate here 
because c is a cocycle. 

The list (i), {2)-(i), {2)-(ii), {2)-(iii) of properties is a direct consequence of Theo- 
rem |A] and [14J Section 5]. 

Let A and B be two nice £(2)-algebras. By definition of the diagonal action of £(2) 
on the tensor product, we have a Cartan external formula 

Sq^(a®6)= Sq^Ha)®Sq^2(6), 

for a G j4 and b (z B. In our case, each factor, A and B, satisfies the Cartan internal 
formula. Therefore, the Cartan internal formula on A i? is a direct consequence of the 
next equalities: 

Sq^((a(g)6)U(a'0 6')) =(i) Sq'{{aU a') {bUb')) 

=(2) Yl Sq*i(aUa') OSq*2(6u6') 

il+i2=i 

=(3) E (Sq^'H«) U Sq^Ha')) ® (Sq'H&) U Sq^^^b')) 

ji+j2+ki+k2=i 

and 

^ Sq'i(a®6)USq=(a'®fo') =(2) ^ (Sq'^ (a) ® Sq"=^ (6)) U Sq*i (a) ® Sq*^ (&')) 

= (1, ^ (Sq^i (a) USq'Ha'))®(Sq=^(&)USq'^ (&')), 

where =(x) comes from the definition of the cup-product on a tensor product, =(2) from 
the application of the Cartan external formula and =(3) from the Cartan internal formula 
on each factor. 

For the Adem's formula {2)-(v), we need some recalls in order to track the perversity 
conditions. The classical proof uses the Bar resolution, £(4), and the existence of a 
S4-equivariant cochain map, £(4) N* (K)'^'^ — )• N*{K), for any simplicial set K, called 
an £(4)-algebra. As these objects appear just in this part of proof, we de not recall them 
in detail, referring to [U Section 1]. We mention only the points related to the control 
of perversities. 

Denote by u: £(2) (g) £(2) (8 £(2) — > £(4) the cochain map induced by the wreath 
product S2 X S2 X S2 ^ S4. Let A be an £(2) and an £(4)-algebra whose structure 
maps are respectively denoted V2 and ip^. We say that A is an Adem-object ([14J) if 
there is a commutative diagram 

£(2) £(2)®2 g^^^ ^ 

Sh 

£(2)®(£(2)®A^2)®2 
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where Sh is the appropriate shuffle map. 

Let A = * ■■■ * A^" and A = iV*(cAJo) ® • • • (g) N*{cA^"-^) ® N*{A^"). Because 
N*{K) is an Adem-object for any simphcial set K and because the tensor product of 
two nice £(2)-algebras satisfying the Adem formula is also an £(2)-algebra satisfying 
the Adem formula ( ^14l Lemma 4.2, Page 174]), we know that A is an Adem-object. In 
Theorem \A\ we prove that 'ip2 restricts to a map £(2) (g) Ap(S' Ag — > Ap+g. The involved 
argument is the fact that perversity degree is a combination of cohomological degree 
and restriction maps. The same reason gives a S4-equivariant cochain map £(4) ^Ap^ ^ 
Ap^ (g) Ap,^ (g) Ap^ — )■ ^p^+p2+p3+p4. Therefore, the Adem object A is compatible with 
perversities and we get an Adem formula for intersection cohomology. □ 

Remark 3.2. Previous definitions and results can be adapted to the context of GM- 
perversities. By restricting to GM-perversities p and q such that p + q <t, the cupj- 
products are defined by 

U,:AL^A1^AL^^\ 

where the sum pQq is taken in the lattice T", see [TT| or [U Section 10]. The Steenrod 
squares introduced in Section [3l 

are defined for GM-perversities p, q such that min(2p, p + i) <q. 

4. Comparison with Goresky's construction 

In [7], M. Goresky has already defined Steenrod squares, SqQ, on the intersection coho- 
mology, i^QM piX] Z2), of a topological pseudomanifold, in the case of a GM-perversity p. 
In this section, we prove that the two Steenrod squares, Sq* and SqQ, coincide. We first 
recall the definition of topological pseudomanifolds. 

Definition 4.1. An n- dimensional topological pseudomanifold is a topological space 
with a filtration by closed subsets, 

= X_i C Xo C . . . C Xn-2 C X„ = X, 

such that 

(i) Xn-k\Xn-k-i is a metrizable topological manifold of dimension n — k or the empty 
set, 

(ii) Xn\Xn-2 is dense in X, 

(iii) for each point x € there exist 

(a) an open neighborhood, V, of x in X, endowed with the induced filtration, 

(b) an open neighborhood, U, of x in 

(c) a compact topological pseudomanifold, L, of dimension n — i — 1, whose cone, 
cL is endowed with the conic filtration, 

(d) a homeomorphism, cp: U x cL ^ V, such that 

(1) ^{u, tD) = u, for any u £ U, with the summit of the cone, 

(2) ip{U X LjX]0, l[) = Vn Xi+j+i, for any j € {0, . . . , n - i - 1}. 

Recall the filtered face set ISing"^(X) introduced in Remark 11.21 The next result 
connects Goresky's definition of Steenrod squares on the intersection cohomology of X 
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to our definition of Steenrod squares on the intersection cohomology of the filtered face 
set ISing ^(X). 

Theorem C. Let X be a topological pseudomanifold. For any GM-perversity p, there 
exists isomorphisms, 9^: H^{lSmg^{X);¥2) — ?> ff^j^ F2), such that the following 
diagram commutes, 

FI(ISing^(X);F2) ^ g;+\,(ISing^(X);F2) 

nr+i 

In [7] , see also [9] and [21 Chapter V] , the intersection cohomology on X is introduced 
by the use of a sheaf due to Deligne. The Deligne's sheaf, ICp, is defined by a sequence 
of truncations starting from the constant sheaf on Xn\Xn-2- As we are not using this 
specific construction, we do not recall it, sending the reader to the previous references. 
From the local system A^*, we define a presheaf on X by 

IiV|(C7) = iV^(ISing^(C/)), 

for any open set U of X. Denote by Cov(U) the set of open covers of U and, for any 
11 G Cov(C/), by ISing^'^(C/) the sub-filtered face set of ISing^(J7) whose elements have 
a support included in an element of U. The sheafification of IN^ is given by 

INUU) = lim Ae(ISing^'"(C/)). 
UgCov(C/) ^ 

The cupj-products introduced in Section [3] on iV*(ISing"^'^([/)) induce cupj-products on 
IN*(C/), by definition of the last one as a direct limit. 

Theorem [C] is a direct consequence of the next two lemmas. First, we connect the 
definition of Steenrod squares on ISing'''(X) with a definition involving the sheaf IN* 
on X. 

Lemma 4.2. For any n-dimensional topological pseudomanifold, X, and any loose per- 
versity p, we have a commutative diagram, 

HL{mng^{X)-¥2)^H;+\mng^{X);¥2) 



So' 

if'-(X;INp) ^i/'-+^(X;IN£(^,,)), 

in which vertical maps are quasi-isomorphisms induced by the canonical map IN* 
IN*. 

Proof. In |4j, Lemma 2.13], we prove that the canonical inclusion ISing''''^(C/) — )• ISing'''({7) 
induces an isomorphism in intersection cohomology, for any loose perversity p. By pas- 
sage to the direct limit, we get an isomorphism 

H* ( lim iV^(ISing^'^(C/))^ ^ H* fiV^(ISing^ ([/))) , 
\U&Cov{U) / V / 
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whose righthand side is the intersection cohomology of a filtered face set. 

In a second step, we prove that the sheaf, IN^, is soft. For that, observe that IN^{U) 
is an IN-^(JJ)-module. On the other hand, the restriction of cochains to the vertices of 
the regular part, N^{U) — )• IN^{U), is a morphism of sheaf of rings. As the sheaf A'^" is 
soft, and any sheaf of modules over a soft sheaf of rings is soft, we deduce the softness 
of INi. Thus, the hypercohomology is obtained from the sections of the sheaf and we 
have got a series of isomorphisms, 

H*{X;IN^) ^ H*{T{X,IN^)) ^ ff*(iVg( ISing ^(X))) ^ H^{X;¥2). 

By definition of the cupj-products on IN*, the following diagram commutes, 

IN^iX) ® IN1{X) — IN^^fiX) 

T{X, IN^) r(X, IN|) ^ T{X, IN;+|-^). 

With the properties established at the beginning of this proof, the vertical maps are 
quasi-isomorphisms induced by the canonical map IN* — t- IN*. The stated result is 
now a consequence of the definition of Steenrod squares from cupj-products. □ 

The second step is the comparison of the two definitions of Steenrod squares, respec- 
tively associated to the sheaf IN* and to the Deligne sheaf IC*. This is a consequence 
of the comparison of the two associated cupj-products, done in the next lemma. 

Lemma 4.3. Let X be an n- dimensional topological pseudomanifold and let p, q be two 
GM-perversities, such that p®q <t. Then, for any i, there is a commutative square in 
the derived category of sheaves on X, linking the two cup^-products, 

IN^(A) ® INl(X) INi^5(A) 

ICi(A) I ICi(X) ICie5(^), 

and such that vertical arrows are sequences of quasi-isomorphisms. 

Proof. From Lemma |4.2| we know that the intersection cohomology with values in the 
sheaf IN* is isomorphic to the intersection cohomology of the filtered face set ISing'''(A). 
In [H Theorem D], we prove, by using results of H. King (|12j). that this last cohomology 
is isomorphic to the M. Goresky and R. MacPherson cohomology introduced in [8]. 
Finally, recall that the definitions of M. Goresky and R. MacPherson given in [8] and [9] 
coincide (see the detailed proof of G. Friedman in |6j, Section 6]). 

Let S* a differential graded sheaf on the pseudomanifold X. We denote by the 
restriction of S* to the open set X\Xn_k, for k G {2, . . . ,n + 1}. Recall the conditions 
(AXl) of ^2, V.2.3]: 

(a) S is bounded, S* = for i < and S2 is quasi-isomorphic to the ordinary singular 
cohomology. 

(b) For any A: G {2, . . . , n} and any x € X„_fc\X„_fc_i, we have W{S*) = if i > p{k). 
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(c) The attachment map, : S|._^-|^ ¥2ik*Sl., induced by the canonical inclusion 
X\Xn^k X\Xn-k-i, is a quasi-isomorphism up to p{k). 

The sheaf IN* satisfies condition (a) by definition. Conditions (b) and (c) are coho- 
mological properties and, from the beginning of this proof, we know the existence of 
an isomorphism between the intersection cohomology with values in the sheaf IN* and 
the cohomology with values in IC*. Therefore, the sheaf IN* satisfies conditions (AXl) 
and, by [21 Theorem 2.5], there exists a quasi-isomorphism between IN* and IC* (see 
also [9]). As a consequence, these two sheaves have a common injective resolution and 
we may apply to it the uniqueness of cupj-products established by M. Goresky in [71 
Proposition 3.6]. □ 

We deduce from this study an isomorphism of algebras of cohomology, with coefficients 
in F2, by noting that the arguments can easily be adapted to any field of coefficients. 

Corollary 4.4. If X is a pseudomanifold, there are isomorphisms of perverse algebras 

H^QSmg^{X);¥2) ^ H^{X;IN) ^ H;{X;IC). 

Moreover, if X is compact and PL, one has also an isomorphism of algebras, 

H;{X;IC)^hI~Z{X;¥2), 
with the intersection product on the last term. 

Proof. The two first isomorphisms are consequences of the previous results on cupj- 
products. The last one is established by Friedman in [6]. □ 



5. PSEUDOMANIFOLDS WITH ISOLATED SINGULARITIES 

In this section, we determine Steenrod squares on pseudomanifolds with isolated sin- 
gularities. In this case, if the pseudomanifold is of dimension n, the perversity p is 
determined by one number, p{n). Recall now that the intersection cohomology of a cone 
cY on a space Y is given by H^{cY) = H^{Y), if r < p{n) and otherwise. 

Normal pseudomanifolds with isolated singularities are particular cases of the next 
result. 

Proposition 5.1. Letp be a loose perversity and M be a pseudomanifold obtained from 
a manifold with boundary, (W,dW), by attaching cones on the connected components of 
the boundary, i.e., we have dW = Uu^iduW, with duW a connected component of dW , 
and M is the push out 



U^^ic{duW) M. 

We filter the space M by ^ d {'du | n € /} C M , where i?„ is the summit of the cone on 
duW. Then, the following properties are statisfied. 

(i) The cochain complex N^{M) is quasi-isomorphic to iV*(W^)©7v*(9VF)''"<p(n)-^*(f^^); 
where T<p(„)A^*(5Vl^) is the usual truncation (see Page 52]/ 
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(ii) The intersection cohomology of M is determined by 

( H^{W;Z) if k<p{n), 

Hh{M;Z)=l Kei {W ^Z) ^ H^{dW;Z) if k=p{ri) + l, 
\ H^{W,dW;Z) if k>p{ri) + l. 

(Hi) If{a,i*a) & N*{W) ®]\[*i^g\y) T<p(^n)^*idW) is a cocycle of p-intersection and i is 
a positive integer, we have 

Sq\a,L*a) = (Sq^a, 6*Sq*a) G .^(M; F2). 

Proof. Starting from a triangulation of iyV, we may suppose that M, W , dW and 

c{dW) := [Au&ic{duW) are triangulated in such a way that any simplex is filtered, for 
the filtration C {'&u \ u ^ 1} C M. Denote by T^j, 7.^, Iswi 1j^(dW) the associated 
filtered face sets. The canonical map 

iV^(ISing^(M))^iV^(T,,,) 

is a quasi-isomorphism, see [12^ Theorem 10] for instance. By construction of the trian- 
gulations, we have 

As M, W and dW are manifolds and Np{cdW) is quasi-isomorphic to a truncation of 
N*{dW) (see [S] or [2]), we have obtained a quasi-isomorphism between iVp(ISing"^(M)) 
and N* (W) (B N* (dW) 'T<p{n)^* (dW) . An element of this sum is of the type (a, L*a), with 
L*a of degree less than, or equal to, p{n). This means that, if a is of degree k, we must 
have 

i*a = if A; > p{n), 

i*a is a cocycle if k = p{n), 
no condition if k < p{n). 

This implies immediately that H^{M; Z) = H''{W; Z) if k < p{n) and that H^{M; Z) = 
H^iyV, dW; Z) ii k > p{n) + 1. In degree k = p{n) + 1, the p-intersection cohomology of 
M is formed of the elements of H^iW; Z) which are in the image of H^{W, dW; Z), i.e., 
that is the kernel of H''{W; Z) H''{dW; Z). 

Finally, the quasi-isomorphism between N^{M) and N*{W) ®N*(dW) T<p{n)^* (dW) 
is a quasi-isomorphism of perverse DGA's ([H Definition 10.3]), compatible with the 
cupj-products, and the last complex can be used for the determination of cupj-products, 
i.e., we have 

(a, i*a) Ui L*^) = (a Ui /3, L*a Ui t*/3), 
from which we deduce the announced formula for Steenrod squares. □ 

Remark 5.2. Let (a, L*a) be a cocycle in N'^iW) ®Arfc(api/) r<p(„) A^'^ (5T^) , , the perverse 
degree of the Steenrod square, Sq''(a, i*a) = (a, L*a) ^k-j i*a), verifies 

\\{a,L*a) Uk-j ia,L*a)\\ < \L*aLlk~j L.*a\ <p{n)+j. 

This remark gives a direct proof of Goresky and Pardon's conjecture in the case of 
isolated singularities. 
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Finally, observe that the fact that the image of by Sq-' is in perversity L(j),j) = 
mm{2p,p + j) is perfectly in phase with the characterization of the intersection coho- 
mology of M, made in (ii) of Proposition 15.11 and the definition of Sq' {a, i*a). 

If is a manifold, Proposition 15.11 applied to the product N x [0,1], gives back 
the well-known example of the suspension 'EN and proves that the classical formula 
of commutation between suspension and Steenrod squares, S o Sq-^ = Sq-' o S, can be 
extended to this situation. We leave it to the reader and consider now the case of the 
Thom space of a vectorial bundle. 

Example 5.3 {Steenrod squares on the intersection cohomology of a Thom space). Let 
— )• — 7- S be a vector bundle. We denote hy De ^ B the associated disk-bundle 
and by /: Se — B the associated sphere-bundle. The Thom space, Th(E), is built from 
the disk-bundle along the process described in Proposition 15. 1| we filter it by the point 
of compactification. 

Let p be a loose perversity. From Proposition 15. H we recover (see jl3|. Page 77]) the 
intersection cohomology of the Thom space, 

( H^{B;¥2) if k<p{n), 

H^(ThiEy,¥2) = I KeT{H''{B;¥2) ^ H^{Se;¥2)) if k = p{n) + l, 
( H''{Th{E);¥2) = H^-"'{B;¥2) if k>p(n) + l, 

where the Thom's isomorphism, H''{Th{E);¥2) = F2), is given by the cup- 

product with the Thom class, 9, i.e., by 7 1— >■ U /*(7). Observe also, from the Gysin 
sequence, that Ker F2) ^ H^{Se;¥2)) ^Im(-Ue: H^"^{B;¥2) ^ H^{B;¥2)), 

where e is the Euler class. 

• In the case k < p{n) + 1, the Steenrod squares on ffi(Th(ii^); F2) coincide with the 
Steenrod squares on H*{B;¥2). 

• For k > p{n) + 1, the Cartan formula gives, with 7 E H* (B;¥2), 

Sq^(0Ur(7)) = ^Sq^(0)USq^-^(r(7)) 

= ^eur(a;,)ur(Sq-'-^(7)), 

i=Q 

where the uji are the Stiefel- Whitney classes of /. If /i G H"'+''{Th{E));¥2), there exists 
7 G H^{B-¥2) such that ji = 6 VJ /*(7). The Steenrod squares on Th(ii^), denoted by 
Sq-pi^, and the Steenrod squares on B, denoted by Sq^, are related by 

S<(/^) = ^eur(u;,) ur(Sq^^-^(7)). 
1=0 

More explicitly, if we denote by 7h: H^{T\i{E)]¥2) H''-"^{B;¥2) the Thom isomor- 
phism, we have 

j 

7h o Sq^Th(-) = U (Sqij-' o 7h{-)). 
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6. Example of a fibration with fiber a cone 



In this section, we construct an example showing the interest of the lifting of the 
image of Sq* to the perversity i) instead of 2p. As the case of Sq^ was analyzed in 
[To], we choose an example with Sq^. 



Proposition 6.1. There exists a pseudomanifold X and a GM-perversity p, with an 
explicit non trivial perverse square, 

Sq2: /7|(X;F2) ^/?|(X;F2), 

whose composition with the canonical map ff^(X;F2) — ?> /?|p(X; F2) is zero. 

In this example, the domain and the range of the square Sq^ own the same perversity p, 
which shows that the general perversity of the range, i), can sometimes be improved. 
But, as show the previous cases, the perversity L{p,i) is optimal for a general statement. 

Proof. The construction of the space X is done in two steps. 

• First, we observe that the classifying map of the top class, CP(2) x ^ 8), 
hfts as a map /: CP(2) x 5^ ^ . We denote by pi : E ^ CP(2) x 5^ the pullback 
of the Hopf fibration, S^^ 5^, along /. We compose pi with the trivial fibration, 
P2 ■■ CP{2) X ^ CP{2) and obtain a fibration 

p: E ^ CP(2), 

whose fiber, F, is S"^ x S"^. To show this last point, consider the next commutative 
diagram: 

F ^ E ^ S^^ 



54 



CP(2) X 



58 



P2 



■CP(2) 



The rectangle formed of [T] and 2 is a pullback. As [T] is a pullback, we deduce that 
2 is a pullback. Therefore, the rectangle formed of [2] and 3 is a pullback and the 
triviality of the map implies that P is S''^ x S"^. 

We study now the Serre spectral sequence of the fibration p. We denote by 04, 07 
and 07 U 04 the generators of the reduced cohomology of S''' x and by x and x'^ 
the generators of the reduced cohomology of CP(2). An inspection of the degrees in 

shows that the only differential which can be 



the differentials, dr : Ep^ 
potentially non trivial is 

p0,7 

■4 

E - 



E, 



f+r,t-r+l 



dA-. E 



E\ 



0,7 



F2a7 ^ P; 



4,4 



p: 



4,4 



F2(x2 



04! 



By definition of 



CP(2) X S''* as a pull-back of the Hopf fibration, we already 



know that the top class a-j of S'^ transgress on the product x'^ U 04. This gives d4{aj) 
x^ ® 04 in the Serre spectral sequence of the fibration p: E ^ CP(2). 
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We continue with the determination of the image of the cohomology class x (81 04 by 
Sq2 in i?*(CP(2);F2) H*{S'^ x 5"';F2). From the external Cartan formula, we have 

Sq^(a; ® 04) = Sq^(x) Cg) 04 + Sq^(j;) ® Sq"^(a4) + x ® Sq^(a4). 

The last two terms are zero, for degree reasons. The equality Sq^(x) = gives 

Sq^(x (g) 04) = ® 04. 

• The second step is the fibrewise conification, c{S'^ x 5^) — t- X A CP(2), of the 
fibration p. If x G CP(2), we denote by (S''^ x S'^)x the fiber over x and by "dx the 
summit of the cone c((5'' x S'^)x)- A continuous section /i of p, defined by /u(x) = -dx-, 
identifies CP^ to a closed subspace oiX. We filter X by C = CP(2) C X. Observe 
that the singular set in X is CP(2) and that the link of a point of Xq is S'^ x S*^. 

One can cover the space CP(2) with two open sets, C/i, such that Ui is contractible, 
U2 has the homotopy type of and C/i PI ?72 the homotopy type of S^. The pullbacks 
of the fiber space X, over each of these three open sets, is trivial and we may use a 
Kiinneth formula for the determination of the p-cohomology of the corresponding total 
spaces. Moreover, if p is a perversity, the cochain complex N^{c{S'^ x S^)) is quasi- 
isomorphic to a sub-complex of N*{S''' x S'^). This implies that the cochain complex 
N^{X) is quasi-isomorphic to 

(if*(CP(2);F2)§DF^^(^2)(57 ^ s'^;¥2),5), 

with 6{ai) = x^ (8" 04, if 7 < p{12), and 5 = on the other elements. (We leave the 
details to the reader, quoting that this quasi-isomorphism can certainly also be deduced 
from a spectral sequence argument with [5j Theorem 3.5].) 

In the case of a cone, there is only one stratum and the perversity p is determined by 
one number, which is p{12) in this example. If p(12) = k, we denote the perversity p by 
k. The square Sq^, that we have previously determined, takes birth in the perversity 4 
and we have 

Sq2 : H^{X; F2) = F2(x <S) 04) ^ H^iX; ¥2) = ¥2ix^ <S) 04). 

Observe that 6 = £(4,4 + 2) and that Sq^ still survives as map from Hj to = H^. 
But, as 8 = 2 X 4 and i?|(X; F2) = 0, this square Sq^ disappears if we express it as a 

map from to -j. □ 

4 2x4 
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